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INTRODUCTTION

Digital filters uszed to evalwatse Hanksl1dJI8,J1) transform:s
have been publizhed by Bnderson (19750, Iﬁ hiz publication
Anderzon prezents Fortran IV programs  that compute  Hankel
t;aniforms by direct and lagged convolution. In some applications
the latter techhnique can result in a considerable savings in
time. These programns represent some of the fastest methods for
computing Hankel transzforms while giving an accuracy of 3 to 5

digits. In general the Hankel transform of order n has the form

~

o
‘§‘6H<G)Jn{BG)dG, 3 (13
o

where, for the purpeoses of this report, GH{(GY iz the kernel

i}

function, F i=s the transform argumsnt, and J is the Bessze)

u

function of the first kind.

(1) Citation of particular manufacturers and model numbers does
not constitute endorszement by the U.S, Geological Surweyw.
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Applicatiaons wuszing Hankesl transforms can be found in many
electrical and electromaghetic problems. In D0 resistivity
transforms  of order zero are used to calculate the potential at a

point  dus  to a point source. By combining point potentials it is

icists,

th

it
in

possible to compute many  arrayps of intersst to geophy

In the sams wvein,

1}

specifically, MHenner and dipole-dipolese arraw
Hankel transforms of order aone can be wsed to compute the
glectric field at a point dug tosa point sowrce. Thiz computation
has  direct app]icaiion in  computing SchluMberger zoundings. In

glectromagnetics, Hankel transforms of orders zero and one can be

in

found it the computation of mutual coupling over a two-lavered
garth (Frischhnecht, 13675,
The purpose of this report iz to present Anderson’z Hankel

transform routines converted to HF snhanced Basic for use on a

oy

Hewlett Fackard '4SE  computer. This report i meant to be used
Cby those familiar with Anderson’s Hankel transform routines. If
the reader has not already done 2o, he sﬁauld read the Anderson
publicatian, Limits an the application of convolution for
computing Hankel transforms and =zpecific criteria for kernel

functions i discussed. Examples of calling programs, kernel

w

-

functions and test re

[
o

Its are al: given.

i
<

THE HAHMKEL TRHAMSFORM FUNCTIOHNS

The ERBasic praograms {for four Hankel tranzform functions are
given in  Appendix A. The names of the functionz and a brief

description of their purpose follows!



Rhankd performns a Hankel transform of order zero usin
direct convolution.

RlaghB performs a Harnkel transform of order zero using
Tagged conwaluticn.

Fhankl performs a Hankel transzform of order zero using
direct convolution.

Rlaghl performs a Hankegl tranzforn of order one using

lagged convolution.

The ‘la_ged-cmnuolutian functions should be uzed to compute Hankel
transformns  for wvaluwss  of the Hankel transform argument (B) that
are equally spaced logarithmically ar the filter spacing (.20,

AT the Hankel transform functionz have the same parameter

Tizt, The parameters are described below!

X The natural logarithm (LOGCEY Y of the transform
argumstt .  For the laggsd-conwolution transforms this
parametsr muszt decreaze by .2 in the log domain.

Tol The relative error iz about 188 times “"Tol". Therefore
if a relative srror of abouf 831 iz desired then "Tol®
2hould be equal to 80081

L The number of filter weights used for the convoluticon.
This walue iz returned to the calling program.

Hew For direct convolution (Rhank®, Rhankl» "Hew" iz set
unsqual  tao one for the firszt call, WHith "Hew" unegqual
to one the filter weightz are read into the common

area. 0On subszeguent calls "MNew" should be set equal to



one.,  Thiz will use the weights already in the comnmon
area and save computEr time by not  re-reading the
weights. For lagged conuvolution (RElaghd, Rlaghl) “Hew"
should be  set unequal to one for the first ;aII with a
“given set of B values, uzing a single kernel function,

Again, on ubsequent calls with “Hew" equal to one the

s

stored filter weightsz are wsed. In addition, on

u

subsequent callzs only one additional kernel function

ted.,

M

value will need to be calcul

-

These functions us a common  area  (designated by COM

n

in

tatements? to  store  the convolution filter weights and, in the
case of the lagged-conwolution functionz, kernel functions and
other  arrays. For kernels requiring parameters athsr than the
kernel  function integration =pacing  (supplisd by the Hankel
transform  function?, additional parameﬁers Wwill have to be passed
in common. This will require editing all the COM ztatements in an
appropriate  mannsr  (zee examples belowd, I JB and J1 Hankel

transformns  ar to be uzed in the sawme program or if a regular

14}

convalution function 12 to be wzed with a lagged-convolution

furction, as in the exanplez below, the COM sztatements will have

- -

to be edited.

In all the Hankel transform functions the user iz reguired
to supply the coded kernel function. For JB and Jt tranzforms the
function must be rnamed Kernl® and Kernll rezpectively. The name
convention can be changsd by editing the appropriate lines in the
Hankel transform fumnctions., As stated in Anderzon (1975 page 163,
the kernel function must monotonically d;crease as the argument

increases, and it can have no zingularities in the range of



integration, In the exanples below the kernel functions are coded

to calculate the kernsls for two integrals in  one  kernel

function. This techniquse can be expanded to any number  of

kernels,

EXAMFLES

Tests were run comparing  convolution deriwed Hankel

transfornm walues to known zolutions for these integrals. The

following two integrals and their analwtic solutions were used to

test the Hankel transform functions of order zero!l

. ‘; '
fe-"“Ja':t-x)d;-::=1.f<a2+t?/3 . , 2>

o

© _ax? ’ 2
J’xe Jaibxidx=exp(~-b s4ar~ Za. (27
&

The following Fasic test program  and kernel function  will

calowlate the convolved Hanksl tranzform (Rhank@), the lagged

convolution (Rlagh&), and the analvtic zolution for equations (27

and (32, The output of this program iz given in Appendix B.



= the array of kernel function evaluations
Dumz iz an array uzed to determing where in Duml we should be
P of % D2 are parameters wsed by RElaghd
' A & F are parameters used bw KEernlp
COM Dumd1320,Duml <1930, Dumz 133>, L1,03,A,F
DIM R1ICED
nATA .1,.95,
MRT FEHB Al
PRIMTER I3 8
Tol=1E-7
H=11
F=1 _
Contl Mmax=L0GC4
FEINT LSTIHG L3F+1
Lt IMAGE ~,28:, "EQUATIOHN ", DD
FRIHT LI"INL, L1
Li: IMAGE -, S8X,"A",128,"B", 12X, "EXACT RHAHESG RLAGHS
L1 Lz",~
FOR I=1 TO &
A=A1(J

i
r

DD U L I O I O

16 OFTION ERSE 1
24 THE FOLLOWING oM STATEMEHT WILL EE DIFFEPEHT FOR
g ' DIFFEREHMT AFPLICATIONS
31 P Dum iz the array of filter weights
3z P Dgml i
1
]

1,5,18,568

=

Ll e i ol e I o I B o oS ¢ T RN, TS B X )
[xx)

T L0 Lo LY DY = 0 0
U U I o B wx Bl n )

Ty
il

x]

[,
(SRS |
D)

=1E Hew=

208 FOR I=H TO 1 STEP -1

281 I calculate the log of the transform argument decreasing by . &
210 Bl=¥max—.2%H-13

226 B=EXPLRBLD
T eza Anl=FMNArnz (B>

c.:li !
232 I Bhank® and Rlagh® can be found in Hppendix A
233 !

U]

AnZ=FHEhank@ Bl , Tal (H1, Hewd

An3=FHE1aghB(B1,Tal ,H2,Hew?

Hew=1

FRIMT WUSINHG LE2jAEANI AR AN H1 HE

2: IMAGE 1&,M.PRE, 1X¥,M.FOE, 1, M. FOE, 14, M. FOE, 18, M. FDE, 1,20, 14, 3D
HERT I

HEXT J

IF F=2 THEH 1548

o
LRI

P e DT T D 0T

I
! Do mext integral
F=2

KN
15!

GOTDO Cont
FRINTER I% 18
STOF
] .
! Kernl@ i= the caded kernel function
!
DEF FHEerni@dks
OFTIOM EASE |
COM Dum<1937, Dunl <193y, luma¢1533,01,02,A,F
!

IF F=1 compute the first kernzl
! F=2 compute the second kerne)

OH F GQTO Li,L2
L1 C=R+*EXP(-A*X#X)
RETURM C

ol O QO L0 0 QO 0D 0N L0 G 00 D) 0 DY L LD 0N G LY LY DY AR PO R )
Lol Y L B R R s B RS B S ¢ R B A B I RN T AN I AR S WO RS B e () I -

SO (R B D [0 o G 0D G L [ e (S



420 L2 C=EX¥PI-RA®¥)

434 RETURH C

448 FHEND

441 !

442 ' Ans computes the analytical solution to equaticons 2 & 2
443 !

458 DEF FHAn=z=<E

41 GFTIOH EASE 1

474 COM D1C193, 0201930, 020192, 04, 05,A,F
FEE OH F GOTO LI,LE

490 L11 An=ERF(-B#B~C(d%R2 )/ (2#A

Saa RETURH An

1@ L2t An=1-SQRCA*A+B*ED

528 RETUREN Arn

539 FHEWD

The following integrals anmd their analetic salutions were

uzed to test the Hankel tranzforms of order one!
L 3
—aX ... . , .
j;e @ Jlib%)dﬁ=bfka}+bzfé ) (4>
(]

2
X e e
"xzed‘ J1tbx)dx=baxp(~bz sdadrsCZad . (S
(-]

The following Easic test  program and kernel function will
calculate the convalved Hankel transform (Rhankl), the lagged
convolutiaon  CRlaghl?), and the analytic =olution for equations 4

arnd S, The output of this program iz given in Appendix C.

14 GPTIOH ERSE 1
11 I THE FOLLOQWIMWG COM STATEMEMT WILL EBE DIFFERENT FOR
12 t DIFFEREHT AFFLICATIONS
K] P Tum is the array of filter weights
i
!
!

14 Duml iz the array of kerrnsl function swvaluations

S Dumz i= an arrawv that tellzs uze wvhere in Iuml we are
o .
= =

d by Rlaght

1]
o m
1 -

1€ g & o

(u

e paramnet er:

17 ' A & F are paransters ussd by Kernld
26 COM Dumt 2380, Duml C2238 0, Dum2 (232365, 01,02,A,F

28 DIM ALCED
4@ DATA .1,.5, 1,5,16,58



MAT RERD A1
FEIHTER 15 @
Tal=1E-7
H=11

F=1

(O »

=

L et N R U T CON s SN + ]
o T G

G Cont: Amax=L05C4)

G1 FRIMT USIMG LF

gz L:  IMAGE -, GH,"EUUHTIHH “,ohn

1e FRIHT USIHL L1

28 L1 IMAGE »~, &W,"A", 12, "B" 12X, "EXACT RHANE 1 RELAGH1
Ly La“,~

4 FOUR J=1 TG &

14 A=A10J

158 Hew=g

1648 FOR I=H TO 1 STEF -1

& ! .

162 ' calcuwlate the log of the transform argument decreasing by .2

163 !

178 Bl=kmax-, 2% (H-13

138 E=EHF{EL
120 Aril=FHAnR= B
131 !
192 I Ehankl & Rlaghl can be fourd in Appsndix H
!
Ang=FHRRank1CBL, Tol M1 Hew)
Ar3=FHE1aghl1(B1,Tal ,H2,Hews
MHew=1
PRINT UZIHG L23A;EIANLI;ANZ ARSI N H2
La: IMAGE 1‘,M.rDE_1‘,H.rDE.1.,H.“WE_IK,M.FDE,IH,N.?DE,lﬁ,ED,IH,BD
HEST I
HEWT J
IF F=% THEH Z@8
]
P Ilo next integral
F=2
GOTD Caont
FRINTER IS 1&
STOF

L
A l'..)

-~
'

-
[yl

T
Ll

i Bt Bt B n A B B PR (NIl o Y )

o

!
P Eernll 13 the coded kernsl function
!

£
QW = @D @R e DD DS

DEF FHKernl1(i)

L0 00 = T N da 00 PO e e e e Oy

L X O I PN A W PN S OO P PR P BPURE SR ORI ORI (O A O B 5 T ST R (6 B SO LS O (R

G OFTION EBRASE 1
3 COM Dumc2362, Duml ¢2380 , Dum2 236,01, 02,A,F
g OM F GOTO L1,L2
8Lt E=H*ERP(—H*%>
a RETURH C -
B oL2: CERsR$ERP (-A%X#K)
a RETUEH C
@i FHEHD
481 !
482 I fns calculates the analutical zolutions for equations 4 & 3
483 1

418 DEF FHAnsCE)

424 OFTIOH ERSE 1

436 CoM D1o238s, D202380,D3(2262,04,05,A,F
446 OH F GOTO L1, L2 .

458 L1 Arn=E-tH*A+B+*B>~1.35

468 RETUEN Arn

4vh Lo An=B*EXP(-B*B/(4%¥H M/ (2%A2 "2



485 RETURH An
498 FHEHD

TEST RESULTE

Appendix B and C giwve tabular liztings of the output of the

test programs (listed abowed. The headings are described below!

L
A A paramster used in the kernel function,
E The transform argumsnt,
EXACT The value of the analytic zolution of the indicated integral.

Fhank@ol? The Hankel transform wvaluse using Rhank@dls,
Elagh8:ly The Hankel transform wvalue using ElaghBol?
Lt The numbsr of filter wsights uzed by Rhank@d(l:

Lz The number of filter wesight

i

uzed by RElagh8dol)

In a1l the test caszes "Tol" w L@ER8881  and  "EBEY was

[y
o

décreased by .2 in the log domain.

In some inztancesz, sdch as when "A" iz .1 and "EBEY iz 2.718
the convolved Hankel transformns may change signt Theze values ars
=till sm§1? and are considered to be correct (See Anderszon, 1973,
. 22%. Rows marked with an asterisk are test results that can be

found in Anderzon (1975 Appendix 2.



SUMMARY

The Harksl transform functions, giwen as Basic prograns,

COM statements. The CONM

+

2tore  filter weights by wmeans o

statemsnts  are alzs uwsed to pass paramsters, othesr than the

transform  argument, to the kernsl  function., These statement:

iy

require editing for user applicaiiani involuving nontrivial kernsd
furctions., The kernsl function muzt be coded by the user and must
be namsed Eernl8 for  zere order  transform: and  Kernll  {for
transforms  of order one, For lagged transforss the transform

argument must decrease by 2 in the log domain.

16
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AFFENDIS A

EHAME S

o
B

LEF FHRhankad#®, Taol,L, H»-IJ'

o

!
I HAMEEL TRAMSFORM OF ORLDER ZERC  USIHG
POCONYOULUTION.  CODED BY ROBERT J. EISDORF

! FEOM CGRIGIHAL FROGRAM WEITTEM IM FORTRAH BY
|

|

-
Dt 3 o |

=
L

WARLTER ANWIDERSOH.

OFTIOH BARSE 1 .
COM Mt o193

DATH S.8863722E-05,7.11434FFE-11, - r."‘ 8.7489547E-11

5]

A R T R N el R T SR I BN B SO | I OO B (L RSN

a

5|

[}

5]

o] E

19 DATA ~2.9807311E~11,9.,. 287 3Q6B55E~11, 4?E—11,1.1118?9?E-1@
29 DATA -1.8% T4E-18,1,2543488E-14, —1.14 FIE-158,1,420E8FETE-18
=9 DATA -1.3186341E~-168,1 . 6153223%E-13, SE-18,1.3426236E~1R
48 DRTH -1.5315321E~191,2,1319735E~18, SE- IU,¢.43;4144E 18
Se DATAH -1.8858373E-19, 2.9243813E-18, ?E-la,g 44w4 EEE-16
5] IRTH - B4Z7VS3E-18,4.2417B82E-113, i Sd446E-10
T DATR -2.924609cE-11,6,6182220E-10,

28 DATA 1 SZVTHE-18,1,1219633E-8%, 3 ;

S IRATA F.ars E-18,2,.860B373E-873, 1 9,z )

B DATA Z.a838 E-8%,4.848%101E-5" Bo, 5., 5]

18 DATA S.29% E-09,5, 21643228 E~-1¢ By, 1 SSE-Q3

; DATAR 1,257 gE-8&,1 IRIE-88, Ba,2,539593011E-G8
27 DATH 2.2922352E-93, 3, SS51E-8%9, SE-@2,5., 659067 5E-B2
248 DATH &.5748136E-82,0, 3864228E-92,9 JE-83,1.2442511E-867
2568 DATA 1.4784481E-87,1,.8581974E-87,2 R 9ZE-87, 2. TS2VIBIE-BT7
268 DATA 3, 20947 39E-97,4.8374222E-87,4 ZHEBE-B7,6. 1830888 3E-87
278 DATA 7.3289123082E-07, 9, 0929687E-87,1.183472FE-04, 1. 235548080E~-05
2oa DATA 1,6474556E~086, 2, 320878 9%6E-805, 2, 45912 94E~-85, 2, 01314808E~85
298 DATA 2. 67B1620E-868,4,.4234101E-06,5.477007VEE-BE, 6. 7R152B32E-06
2Ba DATAH 2.172698%E-06, 9, 33542081 E-86, 1. 2194425E-585, 1. 49089181E-85
Py DRATA 1.8194380E-85, 2., 2239154E-05,2,. V145562E-85, 3. 3174022E-85
228 DATAH 4,8499452E~-85,4, I42a8F3RE~-0S, 5, 34214408E-85, 7. 25822 E-65
aza DATA 9.8141902E-85,1,.18125532E-084, 1. 344381 7E-B4,1.842 ' TE-94
Z4d DATA 2.906257RE-04, 2, 4907 620E-04, 2, 39302585E-04, 2. 6S6QA582E-B4
258 DATA 4.45851421E-24, 5, 4541 300E-04, 6, 651 2643E-84, 3, 1365121E-84
260 DATA 9.9374728E-A4, 1, 21301 20E-83,1,4224945E-83, 1, 2108765 FE-03
379 DATH 2.:211°" E-82,2,. FBIZ67SE-B3, 2, 2991 962E-83, 4, 023521 7E-Q3
gyt DATH 4.921¢ E-832,6.01A67VB3E-A3, 7. 24@5523E-03, 8. 9643708E-93
28 DATA 1.8%4 AE y 1 33E5B1IVE-82,1.6214985E-82,1.3216787E-82
408 DATA 2.42533225%E 2. FEIZEFEE-02, 2, 6ATE402E-02, 4 TESIEE-A2
410 IARTA S5.326 S 33ESEMIE~B2,F.TEE3144E-BZ, 9, 15224E-82
420 DATA 1.180 ZE111R2E-A1, 1 49'=BESE—81,1.__“h
434 DATA 1.664 417EES4E-B1, 3.2 1BSE-B2, I30934E-B12
448 DATA —-1.53: y— 2. 9ES4ETRE-BL, -2, FBE4555E~ ul -2, 37822334E-32
S3sTn DATH Z.38&° 31,1, 7R99785E-81,~4.1 58139E—Bl,1. u17:1tE—H1
458 IATA &.518 E-02,-1.0875123086E-81,7.8423587E-082,~4. 668191 24E~-82
47a DATH 2.53 ~B2,-1.3904322E-B2,F. 2127V Z0E~ Ej,—4.q14u°r4E Bz
484 DATAH 2.&7 -3, -1 FETISE~-Q2,3.7715622E-04, -5, 3084407E~-04
430 DATH 3.&7 -34, -2 S5296E-B4,1,3%00B0085E-84, -3, 617281 8E-G5
Saa LATA S, 22 -@35, -3 ZE-85,2.08309203E-85,~1.2543928E-85
514 DATA 7.74 -85, -4 HE-BE, 2, 95841 B2E-05, -1, 82VE645E-BE
520 DATAH 1.12¢% -B&, -6 E-67V,4.3113019E-87, -2, 66377 53E-67
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DATH 1.645383 B7,6,2829507E-983, -3, 881935%E-23
DATAH &. 29852 BE, 9. 1563774E-B9,-5.6573541E-073

DATH 3.4954 B3,1.32423946E-82, -8, 2447 145E-18
DHRTA S.89 16, 1.,944787V2E-18,-1.2813625E-14
DATA ”.4241”‘ E-11, 4,537 11,2.2243095E~ 11,-1 FI13137E-11

01"

IATH &.9043312E~12
IF Hew=1 THEHW &18
MAT RERD Wt

E=1. 3214“"
Er=.81387:
A=EHP (-1
Criax=0
L=12
Y1=A%1.3120145062083E11
ll":\l)l

FOR I=12% TO 148

GUSUE Al

Ri=R1+C

Cria==MARCAES (G, Chaxd
HEXT 1

IF Cmax=0 THEH Led
Cmax=Tol*Cmax

FOrR I=147 T 18332

V=Y+E

GOSUE Al

Ri=R1+C

L=bL+1

IF ABSCCr»<=Cmax THEH L3Z28
HE®T 1
=4 V=Y1%E
B I=1 TO 122
L|"~'E!"'
1

J
| b g
P Z P
Ty = -
(%) t_ﬂ
[ I ]
£ o M

on
n
-

Gl T e
s

,..
L

IF ABRSICy»<=Cmax THEH Returmn
HEST J

L=L+1
IF C=0 THEW L38
HEXT 1
LEG: Y=A+T.DE08
FOR J=1 TO 47
l.!.' - '.‘.' * E 2

I=134-]

GOSUE Al

.
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DEF FHElagh8(x,Tol,L,Hzwl

!
! HAHKEL TREAWSFORM OF ORDER ZERD  USIHG

P LAGGED COMVOULUTION. CORED EY ROEBERET J. EBISDORF
P FROM ORIGIWAL PROGRAM WRITTEH IH FORTRAH BY
|
I

™~
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Daxd
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28 DATA 4.9439452E-a5, 38 ,6.“4 1445 7. 1E-@
38 DATA 3.5141982E-85,1. SZE-@ ,1.344HGIT B4, 1. TE-@
46  DATA 2.0852S57RE-@4, 2. BAE-04, 2, SIFAIEEE-04, 3. SSERSEZE-04
58 DATA 4.4551421E-84, 5. BEE-@d, 6.6 -B4, 5. 1365181E-04
£3  DATA 9.93747S€E-24, ZRE-93,1. 49 -B3, 1. 81BFESTE-03
7E  DATA 2.2115938E-43, 2. TSE-@3,3.2 ~63, 4, B29SE1TE-03
26  DATA 4.9214244E-83,6. ARE-@3,7.3 ~B3, 8. 9543TERE-Q3
@3 DATA 1.0946310E-82, 17E-82,1.6 -@2,1.9918357E-02
B8 DATA 2.428% —BZ, 2. 951 2E9EE-02, 3.6 -BZ, 4, IBTEIIEE-B2
18  DATA S.326452% £.44E5891E-B2, 7.7 ~82,9.2912324E-02
26 DATA 1.1809121E-81,1.2811102E-01,1.4 -f1,1.5832248E-01
38 DATA 1.60849224E-081,1.417BBE4E-31, 5, 8 -B2, 1. 1338%34E-02
48  DATA -1.5331864E-81,-2, 9834673E-01, - SE-@1,-2. 3TOEE24E-02
56 DATA 3.90896@1E-81,1.799978SE-81, -81,1.5217216E-01
£8  DATH &. FE-02,-1. 3751 205E-01 ~BZ, -4, 6319129E-0
7B DATH 2 T1E-82,-1.3304823E-82 -82,-4.519B353E-8
83 DATH 2 ~83, -1, EATETIBE~B3, -@4, -5, IBH44IFE-S
a3 DATH ~@d, —E, 2 ~@4, ~B4, - ZE12E-8
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181a
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1@36
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1156

DATA S5.8241833E-18, -3, 14:4FCIE 16,
DATA 7.424183

LATH t.qﬁ49615E~1L

IF Hew=1 THEH LzZB

MAT REARD Wt

Lag=-1
WA=-R-26. 20455704
HAT Kew=q@)
L2@: . Lag=Lag+l
Ri=0
Cmax=4
L=
M=1
I=129%
GOTO Laoa
Li1a: Cwmax=MAR{HEZ(CH, Cmax
I=1+1
IF I<147 THEHW GOTO LZB9 .
IF Cmax=8 THEH L1586
Cmax=Cmax#Tol

M=z

=128
OTo Lzaa
Liza:  IF RAES(CY<=Cmax THEH L1364
=1-1
F I3 THEW LZ6d
Li3g:  M=3
=147
7o L2es
Lid4@: IF AES(CY<=Cmax THEM L19@
' I+1

1<194 THEH Lz@g
0 L1398
M=

Do Mmoo

[ T |
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-
—
Lo B B v B BN A s L i R T vy T B N e B I PR T B O v B

W] 288
Lied F C=8 THEH L1V8
=T1+1
F L<12% THEH LZeB
Liva: M=35
=193
o7 LEsg
Ligo: IF C=6 THEMW L1998
=1-1
F I*14& THEH LZ89

IG: RETURHM RLISEHFOR)

Lz2ae: Loaok=I+Lag
Iq=IHT(Lank 1340

Ir=Look MOD 1934

IF Ir=@ THEM Ir=1
Ircil=Ig#192

IF Eeuilra<=TIrall THEH LZZ8
L21a: C=Savedlrixltdils
Ri=R1+C

L=L+1

O M GOTO Lite,Lize,Lid4a,l1ce
Laze: Kewdlrd=Iroll+lr
Z=ERP(nB+Lonk*.2)
Save(Iri=FHEsrnlB3C2)
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1168 FHEND
FHAKEL

16 DEF FHEhank1(X,Tal,L,Hew?

]
! HAHEEL TRAMSFGREM OF ORDER OHE USIHG
44 ! COMNYDLUTION. CODED EY ROBERT J. EBISDORF
! FEOM DRIGINAL FROGREAM WRITTEHM IH FORTRAH
! BY WALTER AHDERZOH.
Pl }
80 OPTION EBRSE 1
90 COF Mt (2260
104 E= 1._h14H =1
11 Er=.% 3

’

LFU I B B o

126 DATA E-10,1.1293511E-0% SEETEE-05, 1 ZE-p
138 DATA E-0%,1.3645393E-09, 534 39E-09, 1 1E-9%
148 DATHA SE-9%9,1.4580582E-57, ZSE3E-09, 1 SE-B3
156 DATH EE-8%,1, 47 19870E-05, -1, 4727031E-83, 1. ZSE-B9
166 DATA -1.S5182615E-0%, 1, S667752E-69, -1, E634522E-07, 1 BHE-G3
176  DATA -2.@412753E-09,2, 3595236E-09, ~2. FEE1ATFE-09, 3 S71E-G
180 DATA -4.0%48172E-69,5. 057 1815E-09, 6, 2664 109E-09, 7. S269461E-09
196  DRTA -9.7S14701E-09,1.2267635E-98, -1, S312389E-88, 1, ¥329924E-82
208 DATA -2.4126297E-0E, 3. BSPEE23E-08, -3, S060204E-B3, 4, 54237 32E-08
216 DATA -5.09051116E-98,7. 67E7475E-08, -9, 4TH0F93E-05, 1. 21 92844E-07
220 DATA —1.4%18337E-07,1.939273FE-07, -2, 3464THBEE-07, 3. 8911 127E-A7
228 DATA -3.6815394E-87, 4. 341 3800E-07, -5, 7554 168E-07, 7. 9381525E-07
245  DATA -8.9502818E-07,1.27394292E-06, -1, 2381 1469E-86, 2, BFA9658E-05
256 DATA -2.18E9398E-86, 3. 4103185E-08, S54463E-06, 5. SEIFHISE-0E
260 DATA -4.60599S5E-26, 9. 5561672E-06, -6, 4142355E-06, 1. A44B285E-05
278 DATA -8.2810619E-06,2, 5945217E-05, -8, 6345466E-06,5, 231 P392E-05
280 DATA -3, 9%1SO35E-0€, 9. FE73612E-65, 1. 5220520E-05, 1. 561437 3E-04
296 DATR 7.2@237E0E-85,3.6620059E-54, 228 SE-94, 7. 3574539E-04
209 DATA S.S623480E-04,1.5286779E-03, 1. 4538718E-53, 3. 1930365E-03
319 DATH 3.4640863E-83,65. TPOBEE2E-03, 8. 0320420603, 1. 4454359E-02
328 DATA 1.8081316E-92,3.B866143E-32,4, B105549E-82, 6. 4527E72E-02
339 DATA 2.4285526E-§2,1,277P3175E-01,1.6020907E-01,2. 1948043E-01
348 DATA 2.363630SE-91,2.4535051E-01,1.2586300E-81, -5, 1960445E-02
359 DATA -3.43T62EZE-81,-2,9842175E-01,1. 1564736E-01,4, 3253231E-01
368 DATRA -4.5748595E-81,1.523¢ 31, 3. 3348541E~02, -5, 2485252E-02
378 DATA 7.9740530E-QZ,-6.693 5.5150455E-02, -4, SEEEF21E~A2
3pE DATA 3.86551953E-93 : 2.B3A3934E~02, -2, 4475127E-02
398 DATA 2.1259541E-92 1.6182837E-02, -1, 4158131E-02
499  DATA 1.2492225E-92, : 2. SI9ZH1EE~A3, -5, 3T23742E-03
418 DATA 7.3506490E-93,-6.4551136E S.EE9R3I5E-03, -4, FIERISIE-03
420 DATA 4.37S52213E-93,-3. 3438703 3. 37FE 33, -2, FETRETIE-A3
438 DATA 2.60871877E-93,-2. 2903274E-03, 2. 0128794E-A3, ~1. PE2ETHEE-A3
448 DATA 1.5540993E-93,-1. 3655A66E-93, 1. 1999 33, -1.9543497E-B3
456  DATA 9.2 TRE-04, -8, 14BES93E~04, 7. 1551 ~B4, -5, ZE54459E-04
465 DATA 5.9 SE-04, -4, 5530352E-049, 4, 2643446604, — 3. TATHESHE- 04
478 DATA =. S4E-04, -2, 8931300604, 2. 54219 10E-04 , 2. 233314 7E-04
480 DATA 1.9628455E-84,-1,7247455E-04,1,.5155278E-04, -1, 32 16859E-04
490 DATA 1.1701SH2E-04,-1.0282066E-04, 9, 03451 35E-05, -7, 9358562E-05
S66  DATH 6.9758435E-05, -6, 1296474E-05, 5, 386057 SE-BS5, -4, PI27436E-05
S16  DATA 4.1586435E-85,-3.6541840E-05, 3, 21091 74E-05, -2, 821 4205E-85
528 DATA 2.4791718E-05,-2. 1784390E-05,1,3141364E-05, -1, 6519858E-05
S39  DATA 1.477957SE-85,~1.23867ESE-05,1.1411426E-95, 1. 9927 152E-05
S48 DATA 2.8105499E-86,~7.T420630E-06,6, 20292 3SE-06, -5, 977 7ASIE-86
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970
agG
99
1660
1a1a
1628
1038
1049
1850

L2@:

DATA S.2 2E-BE, -4,6154325
DATAH 2.1 SE-8E,-2.7514911
DATH 1.3 ZE-QE, -1, 6402255
IRTA 1.1 AE-A6, -3, 77a1oas
LATA &. 8 E-BT, SEEELL
DATH 2.9 24E-87, 2
DATH 2. 73! Z1E-@7, 7
DRATA 1.4 SE-87, 3
DATH 2.3 S4E-Ba, 1
IRTA 4.3 SEE-ag, 2
DRTH 2.° cE-@a, E
DATH 1. SE-8a,

IATH 9 AvIIE-09,

DATA 4 CdRSE-03,

IATA 2 Z11E-89,

DARTH 7. SELE-18, -4, 2880568
IF Hew=1 THEH 738 .
MAT REARD Wt

A=ExP{(-n-17>

Pl i3

Cmax=9

L=13

Y1=A*2.41543327535EV

V=41

FOR I=2c5 TO 93

Y=Y%E

GOSUE Al

Ri=R1+C
Cmax=MAXCABS (L), Cmaxd
HEXT 1

IF Cmax=0 THEHW Le&a
Cmax=Tol+Cuiax

FOR I=3% TO 236
'T'—- .‘ *E
GOELUE Al
R1=R1+C
L=L+1

IF ABS<C)HS
HEHT I

=Cmax THEHW L38

=Y 1+E
TO 1

_——
=23

FOR I
—‘.J*E'

GOSUE A1l

Ri=Ri+C

L=L+1

IF RESCri=Cnax

NEKT 1

GOTO Eeturn

STEF -1

THEH Return

LEA: Y=A
FOR I=1 T0O &5
LI'='.‘.'*E

GOSZUE Al
Ri=R1i+LC
L=L+1
IF ©=8
HEXT 1

THEHW LSo

S@: YW=A%*3, B5086031595E20
FOR I=23g TO 99 STEP -1
kl‘=’*EP

mMmmMmmmMmMmmMmMmMmMmmMM@mMmmm

[ |

i
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DA

|

]

5]
a
5]
B

- T T

RG]

4. B5SSE53E-06, -3, 56361 12E-06
2. 41TTEREE-0E, -2, 124441 7E-06
1. 4413051E-06, -1, 2E64597E~85
5,5919623E-07, -7. 5494 928E-G7
S.1213353E-67, -4, 49954 31E-07
2.A522199E-87, -2, 621 T250E-27
1. 818801 2E-67, -1, SI7IS45E-67
1.BB35294E-67, -9, S1ES045E-08
6. 45051 18E-0%, -5, £64816TE-BE
3. 8321169E-68, -2, 361671 7E-02
2, 25949STE-@E, -1, 9T45353E-03
1, 3B83472E-95, -1, 1246653E-03
7. 0433407E-B9, -5, 950IETEE-BT
3. 4BEE114E-09, 2. TTIETEZE-G9
1.2485287E-99, -1, BE3E93TE-AD
3. E121413E-18, -3, 16497 98E-11



1158 Ri=R1+C

116 L=bL+1

1178 IF C=8 THEH Return

1128 HEXT I

1198 REeturn: RETUREH R1-EAFCAad
1286 Al:  C=FHEsrnl 1) 2t (12
12186 FRETUEH

1228  FHEHD

RLAGH!

16 DEF FMRlaght(#,Tal,L,Heus

i
! HAHEEL TRAMSFORM OF ORDER OHE WSIHG
tOLAG COMMOULUTION. CODED BY ROEERT J. EBISDORF
b I FROM QRIGIMAL PROGRAM WMRITTEM IH FORTRAHM EY
' WALTEF RAHDERSOH. )

]

2 OPTIOH EBA

98 COM e (Z36 e ZEE) iy

166 DATA -8.28E2205E-18,1 E TIE-@9, 1. 26 SE-G9
116 DATA -1.3223909E-9%,1 $3E 3IE-09,1.42 E-@3
128 DATH - E-69,1 ZE SEIE-B9,1,4732173E-@3
128 DATH E-8%,1 IE 1G1E-B%, 1. 45282 2SE-05
145 DATH 13E-82,1 ZE LEER4S2ZE-BT, 1. 51 SE -
158 DATH PSIE-63, 2 SE - . TEE1B7PE-99, 3. 35 E-&9
168 DATA -4.0948172E-09,5 E-87,-6,26041089E-05, 7, 52 E-&9
176 DATA -9.7S14TE1E-89, 1, 22¢ E-98,-1.5312389E-82, 1, 5339924E-08
120 DATA -2.4126297E-05, 3. 857EE29E-958, -2, BAEO2R4E-03, 4, 24237 32E-08
193 DATA -&. @80 E-B8, 7. 578 E-8%8,-%. 47OB3ZE-05, 1. 21 E-@7
288 DATHA PE-07, 1, 93927 3TE-07, ~2. 3464THEE-AT, 3. 09 PE-B7
218 DATA 4E-B7, 4, 941 BEEIE-AT, -5, TSS41ESE-G7, 7. 33 HE-@7
228 DATH BE-B7,1.2754292E-06, -1, 381 1469E-06, 2, BFE9EEEE-05
236 DATA BE-05, 3. 41031823E-66, -3, 1524463E-06, 5. 6E39045E-86
248 DATA -4.60S93SSE-06,9, SSE1672E-85, -6, 4142855666, 1. 6443205645
256 DATA -£.2010619E-08,2,8945217E-05, &, 6348466E-86, 5, 231 F392E-05
266 DATA - SEISE-05, 9. PETAS12E-95, 1. S220520E-45, 1. 861437 3E-34
278 DATA 7. TEBE-85, 3. 6EZAEIOE-04, 2. ZRED9SRE-G4, 7. ZETISIVE-G4
2828 DATA S 4ERE-G4,1, SE2EPTIE-03, 1. 45387 18E-63, 3. 1 930365663
29%  DATA = BESE-@3,5, PTIBLS2E-A3, 2. 0 SEE-03, 1. 4424339E-52
308 DATA 1 1EE-92, 3, BREE143E-02, 4, §10E549E-02, 6, 452787 2E-62
318 DATA @ SIEE-§2,1.27731VEE-01, 1. 60209E7E-61, 2, 194204 3E-81
26 DATA 2 IBSE-91, 2. 4555851E-01, 1. 2586200E-01, -5, IASH445E-G2
238 DATA -3 S22 TE-E 342 17SE~R1, 1. 1S64736E-@1, 4, 925323 1E-81
348 DATA -4. SIEEI4SE-B1, 3, 3348541E-82, -5, 2455252E-02
258  DATA 7.9 E9344%2E-02,5.5150465E-02, 4. SBEAT21E-82
268 DATA 3. 8¢ SOISEE4E-B2, 2. B382994E-02, 72, 4451 2VE-H2
278 DATR 2.12 8526275E-82, 1. 6182037E-02, -1, 4152101E-62
@ DATA 1.2 JE—@A,"I.BSFESSEE*BE,9.57"GISE*wi, -8, 3T2IT43E-83
29@  DATA 7.3 BE-B3,-6,4551136E-03, 5. & =4, FEREISEE-0E
466  DATA 4.3 3E-B3, -3, G4IRTOIE-BE, 3. 37 3 -2, 987EETEE-B3
418  DATH 2.5 PE-B2, -2, 290527 4E 02,2, 012E7I4E-03, ~ 1, TESETOEE-B3
428 DATA 1.5 BE-03, -1, 3555666E-03, 1. 1999055E-03, -1, B543497E-07
433  DATH 9.2 2E-A4, -8, 14BE593E-04, 7, 1531555E-04, -6, 2854455E-04
448  DATA 5.5 SE-04, -4, SSRHISIE-04, 4. 26434466 -84, ~ 3, T4TOESHE-04
458  DATA 2 4E-04, -2, 8931 382E-04, 2. 5421 910AE-84, -2, ZI3814TE-04
450 DATA 1. SE-84,-1.7247455E-04, 1. 5155278E-04, -1, 3316529E-04
478 DATA 1. ZE-84,-1,B282066E-049, 3, 03451 35E-85, -7, 9325563E-85
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LTSN
=

99a

16864
1616
18za
1836
1846
1658

15

IATH

!
fan]
i
i

.3 fE-8S,-6.1 1E-05,
DATA 4.1° SE-85,-3.68 AE-05,
DATAH 2.4 2E-85,-2.1 AE-15,
DATA 1.4 SE-85,-1.25 E-8%5,
DATA 2.8 SE-HE, -7,V E-ag,
DATA 5. 2! ZE-B5, -4.8 E-85,
DATAR 2. 1: SE-BE, -2, 7" E-ae,
DATH 1.%8 2E~BE,-1,8 E-HE,
DATH 1.1 BE-@&,-9.7 ZE-G7,
DATA &.63 QE-&7F, -5, 3E-47,
DATA 2.% 4E-87,-2. 4 AE-HT,
DATH 2. 3% lE-87,~-2.4 PE-B7,
DRTA 1.4 2E-B7,-1.2: E-av,
DATAH 2. Z¢ 4E-B2, -7, 3 E-@a,
DATH 4.9 ZE-88,-4.3 tE -
DATA 2. % aE-@2,-2.9 E-03,
DATAR 1.7 FE-aS, -1.4 *E~BE,
DATA 2.4 IRE-B9, -2, 2 SE-B9,
DRATH 4.% SE-89,-4.1 3E-52,
DRTH 2. FEllE-B9, -1, 7 SE-G32,
DATH V.2308385E-14,-4.8 ~E-18,
IF ch~1 THEH L3A

MART READ Wt

Lag=-1

BB==~¥~17

MAT Key=C@)
La3w:  Lag=Lag+l

R1=8

Cmax=8

I=8&
GOTO Lzoa
L1168 Coax=MAXCAESCCY ,Cmax?

I=I+1

IF I<939 THEM GOTO LZ2aa

IF Cmax=9 THEHN L1554

Cmax=Cmax*Tol

M=z

I1=285

GOTO LZGa
Liza: IF RESCD THEH

=Cmax L1348

THEH L1=@

=Dmans
IF 1<&37V THEHW L2@a
GOTO Li=g
L15G: M=3
I=1
GOTD Lza
Lic@a: IF
I=1+1
IF L<&8& THEHW LZ@8o
Li17E: M=
I=236
GOTD Laag
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C=8 THEH L1798
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1eze L1 IF C=0 THEH L1996
fo2a I
119 I
i11e L1

1126 L= Look=I+Lag

1128 Iqgq=IHToLooks 2372

1149 Ir=Look MOD 237

1156 IF Ir=0 THEH Ir=

1168 Iroll=Igs236

1178 IF KeycIrd<=Iraoll THEH LZZ6

1188 L2109 C=SavedIrashedl)

1128 Ri=Ri+C

1288 L=L+1

1219 OM M GOTO Liig,Li12a,L149,0L168,L1580
1229 L&z Keyilrdi=Irall+Ir

1228 Z=EsSPi¥O+Looks, 20

1248 Savellra=FHKernl1{23

12%@  GOTO Lziw

1268 FHEHMD

I>%5 THEHW Lz68
! RETURH RISERPCHD
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